
Introductory talk on colonology of Shimna varieties

& Modula are

R: Y , (N) module cure .

N ↑ (N) : = &(a) : det1modN]
LEG

this is the key example to keep in mind.

We have an isomorphism
I

Y(N)GAF/(N)
-

Where K(N) CGL(lAf) compact open

Il
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abcde
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First observe : Y , (N) should really be Y, /N>(()

i

.e. K-points of an agebraic variety /K-
- -

this has a quasi-projective algebraic structe
, using a canonical compactification.

X , (N)

even

Y , (N) has a model over Q. model integraly over [C]
-

This cores from the moduli interpretationofN
11

Selliptic cus El K

to gette with point PCE of order N3/
thismoduli description make sense for any [Ch]-Agesra , gives Swoth scree /ECh] ·

-

N > 3.

Definition of Shimna variety :

↓inition : Shimna datum (CT
,
X) to coun reductive gp/@ ·

X Gi conj-class of honoropphims ReSC/Rm
↓ h

such that : K
(1) FUEX , reights on

Lie (GR) given by Adoh is

&C-1 , 1) , 10 , 03,
(11-33 ·

(2) FHEX , ad(h(is) define a Catan involution of Ki

(3) G9d has no -factor on which his third



idea: we want to form

(a)
XX&At /k k < K(Af)

open compact subgroup.

wewaXto have structu of heution synetic domain .

-> this essentially what (1) , (2) is asking for

X = D(/A *

A. ↑
maximal compact in CLIR)

: If(,X) safying this conditions , eg. C3 .
then we can still contemplate the

double quotient ,
call this loadly syntic space. Bianchi 3-maifold -

Rmk : For modulat me , k = G2

X = GLp-wh] class of h: atbi+ (*)

Shimna variety of level K

Shk(, X)(K) : = D(Q)
XXGUAf)/k .

-

↑ --

this object Shic (, X) 1s a complexalgebraic variety

m : (Delige ,
Borowi ,

Milne
,

... (

E canonical number field (depends only on C& ,X)
, but not K)

E (call this reflex fields for which Shk(X) has arode / E .

Conside Compactsupportlogy of Sh(X)
Rk: can consider intersection etcle collineogy .

completed cohorogy of Shimta variety.
9 coherent cohonology

lFP-
-line,I a delic HeakegesmGdCE/E) X.

If : compactly supported the-rated fuctions onGUAF)/K -

generated by indicator factions geLAf) . -gk ShangkX)E Shkgnk
**

I
↓ ↓

the action of 1gK
in by Heck conspondences

Shk(k,X) Ski (G,X)



central question :

-

How to understand Hi (SUk <,X)E ,
&e) as a GALE/E) x If module -

various colijectures (Arthu , Kottwitz) on how this looks like in terms of Langlands correspondence -

2 ways : Dtry to use Hic(SUk(@X(E
,
Ge) to build a langlands comepondence .

-

2)tryto use a langlands correspondence to understand His (Shic(, X(E,Ge) -

1) Langlands - Kottritz method .

(point counting)-

Basic observation : (Gothendieck-Lefschetz):

-

X swoth scheme/#g dim & 9-ph , Eq = 9-fubenius
-

2d

& H)" (5) Hi(X,)) = #(x (#9)) .

swoth
to get ascheme in Chap , we have to conside the thoy of integral models of

Shimma varieties-

-ing : k = KpK
Y Kp = hypespecia agp of Glap) .

G = Kop
71

--

G(Ep)

#m: (Kisin
,
Bakke-Shaka-Tsimeman , Madapusi-You's)

E canonical integral model for ShK2,X)/1 JK(Q ,X) over VEr
reside field K .

vIp price of E

when (1) (G, X) Pre-delian type

(2) p >> o otherwise-
felf .

So he want to deterie(EgX
*Hi

,
22 (Xic , Gel) ·

11 (*) -

fot] price-to-p Heckedyesra. # fixed points

kRLA/kP ·

of this action of EgXF on JpLAXic
.

-

-

Im: (Kisin-Shin-zhus : If( &, X) abelian type ,
then they varify this

# autom rep .**exposedintemetarbidinter a



2. Applying categorical local langlands-

L-paracters .

&guidea: usudaglod &oth
intY .

= (wr-/-
wigF fin.

exth 1 GIF)
of Cp.

categoricalLoca langlands - upgrades this to map of devied categories .

instead of studying DCGCF) ,G

Study P (Bunc, 1) 1 cottient. (Fagues - Scholze) .
-

(zhu) -

D) Isoce ,
12

georetic objects moduli space of
Bunc = G-bundle on Fague-Fontain an

moduli space of

ISOCO = Docstas .

DIOCE, 1) C D (Bula , 1)

o

PlIsoca, 1)

key observation : Shimpa variety is a fiber product (in a suitable setting) ove Bullo/
Isuco

-

separating into at p and away from p.

#m : Have a 2-cation diagram :

Chang , Shk(,
X)*

->

Atal) T
↓

Igskol, x)I Buc Igs on D (Buna)
-

↑

11

away from -> Igusa stack THT ! 1.

↑ contribution. -

key consequenc: DIBunc
.

1)has a spectral action
-

To action on D(Bunc, 1) for all MexELT) .

he have an isorphism Mus obtained

RP(Sh) = jit (1) (son Shift. Now X -


